
�. Úó �. é¡õ�ª n. IO��Ä o. Ý
 Ê. +Ø 8. �Ø Ô. �Ø

�ê�Æ¥'ßÎÒO��ng

Ü�B

4ï���ÆêOÆ�

March 20, 2008

Ü�B4ï���ÆêOÆ� �ê�Æ¥'ßÎÒO��ng



�. Úó �. é¡õ�ª n. IO��Ä o. Ý
 Ê. +Ø 8. �Ø Ô. �Ø

SNJ�

1 �. Úó

2 �. é¡õ�ª

3 n. IO��Ä

4 o. Ý


5 Ê. +Ø

6 8. �Ø

7 Ô. �Ø

Ü�B4ï���ÆêOÆ� �ê�Æ¥'ßÎÒO��ng



�. Úó �. é¡õ�ª n. IO��Ä o. Ý
 Ê. +Ø 8. �Ø Ô. �Ø

SNJ�

1 �. Úó

2 �. é¡õ�ª

3 n. IO��Ä

4 o. Ý


5 Ê. +Ø

6 8. �Ø

7 Ô. �Ø

Ü�B4ï���ÆêOÆ� �ê�Æ¥'ßÎÒO��ng



�. Úó �. é¡õ�ª n. IO��Ä o. Ý
 Ê. +Ø 8. �Ø Ô. �Ø

SNJ�

1 �. Úó

2 �. é¡õ�ª

3 n. IO��Ä

4 o. Ý


5 Ê. +Ø

6 8. �Ø

7 Ô. �Ø

Ü�B4ï���ÆêOÆ� �ê�Æ¥'ßÎÒO��ng



�. Úó �. é¡õ�ª n. IO��Ä o. Ý
 Ê. +Ø 8. �Ø Ô. �Ø

SNJ�

1 �. Úó

2 �. é¡õ�ª

3 n. IO��Ä

4 o. Ý


5 Ê. +Ø

6 8. �Ø

7 Ô. �Ø

Ü�B4ï���ÆêOÆ� �ê�Æ¥'ßÎÒO��ng



�. Úó �. é¡õ�ª n. IO��Ä o. Ý
 Ê. +Ø 8. �Ø Ô. �Ø

SNJ�

1 �. Úó

2 �. é¡õ�ª

3 n. IO��Ä

4 o. Ý


5 Ê. +Ø

6 8. �Ø

7 Ô. �Ø

Ü�B4ï���ÆêOÆ� �ê�Æ¥'ßÎÒO��ng



�. Úó �. é¡õ�ª n. IO��Ä o. Ý
 Ê. +Ø 8. �Ø Ô. �Ø

SNJ�

1 �. Úó

2 �. é¡õ�ª

3 n. IO��Ä

4 o. Ý


5 Ê. +Ø

6 8. �Ø

7 Ô. �Ø

Ü�B4ï���ÆêOÆ� �ê�Æ¥'ßÎÒO��ng



�. Úó �. é¡õ�ª n. IO��Ä o. Ý
 Ê. +Ø 8. �Ø Ô. �Ø

SNJ�

1 �. Úó

2 �. é¡õ�ª

3 n. IO��Ä

4 o. Ý


5 Ê. +Ø

6 8. �Ø

7 Ô. �Ø

Ü�B4ï���ÆêOÆ� �ê�Æ¥'ßÎÒO��ng



�. Úó �. é¡õ�ª n. IO��Ä o. Ý
 Ê. +Ø 8. �Ø Ô. �Ø

�. Úó

·��5p��ê6!5�5�ê6Ú5C�ê6��ÆSNU��Ì

�A:: ò�êO��ng0��²���ê�ÆL§¥.

�ê¥�$�Ñ´ÎÒ$�, Ïd, ·�I��«U?1ÎÒO��^�. ·

ÀJ
�êO�^�: CoCoA.

CoCoA´¿�|Genova�Æ(University of Genova)���ïÄ�|�5�

��ê6�O��O����êXÚ^�. §�Ø%´O��þ�õ�ª�

�n��GeobnerÄ�Buchberger�{. �éÐ/¦^ù�^�, 7Lé�þõ

�ª��n��GeobnerÄnØk�½�
). ù�^�Ì�?1ÎÒO�.
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�. Úó(Y)

3ó§A^�+�k�þ�ê�O�, ê�O�®kéõ`D�^�, '

X, Matlab�. ù
^�®�2�¦^. ê�O�Ñ´CqO�, �êO�~~

�¦°(O�. 3?ènØ¥?èÚ)è±9�èÆ¥�\�Ú)�Ñ�¦°

(O�. XÛ3�ê(�¥^O�Å?1°(O�´Nõ�êÆ[ÚO�Å;

[2�'5�¯K. 3IS, ���5p��ê6Ú5�5�ê6±95C�

ê6��Æ¥Ú?O�Å°(O��}Á��. Ïd, ·3ù��¡�
�
}

Á, Æ)ÊH�H. k�
�{®²©O3cAg¬þ�
�6. y©A��¡,

ÏL;.~f�Ñ`².
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�. é¡õ�ª

^Ð�é¡õ�ªL«é¡õ�ª:

~1 33�õ�ª�R[x, y, z]¥, Ð�é¡õ�ª�

σ1 = x + y + z
σ2 = xy + xz + yz
σ3 = xyz

òé¡õ�ª(x − y)4(y − z)4(z − x)4L«�σ1, σ2, σ3�õ�ª.

(x − y)4(y − z)4(z − x)4

= x8y4 − 4x7y5 + 6x6y6 − 4x5y7 + x4y8 − 4x8y3z + 12x7y4z − 8x6y5z − 8x5y6z
+12x4y7z − 4x3y8z + 6x8y2z2 − 8x7y3z2 − 22x6y4z2 + 48x5y5z2 − 22x4y6z2

−8x3y7z2 + 6x2y8z2 − 4x8yz3 − 8x7y2z3 + 48x6y3z3 − 36x5y4z3 − 36x4y5z3

+48x3y6z3 − 8x2y7z3 − 4xy8z3 + x8z4 + 12x7yz4 − 22x6y2z4 − 36x5y3z4

+90x4y4z4 − 36x3y5z4 − 22x2y6z4 + 12xy7z4 + y8z4 − 4x7z5 − 8x6yz5 + 48x5y2z5

−36x4y3z5 − 36x3y4z5 + 48x2y5z5 − 8xy6z5 − 4y7z5 + 6x6z6 − 8x5yz6 − 22x4y2z6

+48x3y3z6 − 22x2y4z6 − 8xy5z6 + 6y6z6 − 4x5z7 + 12x4yz7 − 8x3y2z7 − 8x2y3z7

+12xy4z7 − 4y5z7 + x4z8 − 4x3yz8 + 6x2y2z8 − 4xy3z8 + y4z8
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�. é¡õ�ª(Y)

(x − y)4(y − z)4(z − x)4

= (x + y + z)4(xy + xz + yz)4 − 8(x + y + z)5(xy + xz + yz)2(xyz) + 16(x + y + z)6(xyz)2

−8(x + y + z)2(xy + xz + yz)5 + 68(x + y + z)3(xy + xz + yz)3(xyz)
−144(x + y + z)4(xy + xz + yz)(xyz)2 + 16(xy + xz + yz)6

−144(x + y + z)(xy + xz + yz)4(xyz) + 270(x + y + z)2(xy + xz + yz)2(xyz)2

+216(x + y + z)3(xyz)3 + 216(xy + xz + yz)3(xyz)2

−972(x + y + z)(xy + xz + yz)(xyz)3 + 729(xyz)4

= σ4
1σ

4
2 − 8σ5

1σ
2
2σ3 + 16σ6

1σ
2
3 − 8σ2

1σ
5
2 + 68σ3

1σ
3
2σ3 − 144σ4

1σ2σ
2
3 + 16σ6

2
−144σ1σ

4
2σ3 + 270σ2

1σ
2
2σ

2
3 + 216σ3

1σ
3
3 + 216σ3

2σ
2
3 − 972σ1σ2σ

3
3 + 729σ4

3
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~2 -

ε1 =


1
0
0
0

 , ε2 =


0
1
0
0

 , ε3 =


0
0
1
0

 , ε4 =


0
0
0
1

 , α =


1
7

√
7

2
7

√
7

1
7

√
7

1
7

√
7

 .
¦��Ý
M¦�Mα = ε4.
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n. IO��Ä(Y)

-α1 = α,

M1 =


<α1 ,ε2>√

<α1 ,ε1>2+<α1 ,ε2>2
−

<α1 ,ε1>√
<α1 ,ε1>2+<α1 ,ε2>2

0 0
<α1 ,ε1>√

<α1 ,ε1>2+<α1 ,ε2>2

<α1 ,ε2>√
<α1 ,ε1>2+<α1 ,ε2>2

0 0

0 0 1 0
0 0 0 1


=


2
5

√
5 − 1

5

√
5 0 0

1
5

√
5 2

5

√
5 0 0

0 0 1 0
0 0 0 1

 .
K

α2 = M1α1 =


0

1
7

√
35

1
7

√
7

1
7

√
7

 .
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n. IO��Ä(Y)

-

M2 =


1 0 0 0
0 <α2 ,ε3>√

<α2 ,ε2>2+<α2 ,ε3>2
−

<α2 ,ε2>√
<α2 ,ε2>2+<α2 ,ε3>2

0

0 <α2 ,ε2>√
<α2 ,ε2>2+<α2 ,ε3>2

<α2 ,ε3>√
<α2 ,ε2>2+<α2 ,ε3>2

0

0 0 0 1


=


1 0 0 0
0 1

6

√
6 − 1

6

√
30 0

0 1
6

√
30 1

6

√
6 0

0 0 0 1

 .
K

α3 = M2α2 =


0
0

1
7

√
42

1
7

√
7

 .
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n. IO��Ä(Y)

-

M3 =


1 0 0 0
0 1 0 0
0 0 <α3 ,ε4>√

<α3 ,ε3>2+<α3 ,ε4>2
−

<α3 ,ε3>√
<α3 ,ε3>2+<α3 ,ε4>2

0 0 <α3 ,ε3>√
<α3 ,ε3>2+<α3 ,ε4>2

<α3 ,ε4>√
<α3 ,ε3>2+<α3 ,ε4>2


=


1 0 0 0
0 1 0 0
0 0 1

7

√
7 − 1

7

√
42

0 0 1
7

√
42 1

7

√
7

 .
K

M = M3M2M1 =


2
5

√
5 − 1

5

√
5 0 0

1
30

√
30 1

15

√
30 − 1

6

√
30 0

1
42

√
42 1

21

√
42 1

42

√
42 − 1

7

√
42

1
7

√
7 2

7

√
7 1

7

√
7 1

7

√
7

 .
�kMα = ε.
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n. IO��Ä(Y)

~3 -

α1 =


1
2

√
2
0
− 1

2
1
2

 , α2 =


0

− 1
2

√
2
− 1

2
− 1

2

 , α3 =


0

1
2

√
2
− 1

2
− 1

2

 .
¦��Ý
A¦�Aα1 = ε4, Aα2 = ε3,Aα3 = ε2.

¦�

M1 =


0 −1 0 0

− 1
3

√
3 0 − 1

3

√
6 0

1
6

√
6 0 − 1

6

√
3 − 1

2

√
3

1
2

√
2 0 − 1

2
1
2


¦�M1α1 = ε4.

-N1 = M1. Kk

α12 = N1α2 =


1
2

√
2

1
6

√
6

1
3

√
3
0

 .
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~3 -
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√
2
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2
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0
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√
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− 1
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¦�

M1 =


0 −1 0 0
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3

√
3 0 − 1

3

√
6 0

1
6

√
6 0 − 1

6

√
3 − 1

2

√
3
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n. IO��Ä(Y)

¦�

M2 =


1
2 −

1
2

√
3 0 0

1
2

1
6

√
3 − 1

3

√
6 0

1
2

√
2 1

6

√
6 1

3

√
3 0

0 0 0 1


¦�M2α12 = ε3.

O�M2N1 ÚN2α3, k

N2 = M2N1 =


1
2 − 1

2
1
2

√
2 0

− 1
2 − 1

2 0 1
2

√
2

0 − 1
2

√
2 − 1

2 − 1
2

1
2

√
2 0 − 1

2
1
2

 , α23 = N2α3 =


− 1

2

√
2

− 1
2

√
2
0
0
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¦�

M2 =


1
2 −

1
2

√
3 0 0

1
2

1
6

√
3 − 1

3

√
6 0

1
2

√
2 1

6

√
6 1

3

√
3 0

0 0 0 1


¦�M2α12 = ε3.

O�M2N1 ÚN2α3, k

N2 = M2N1 =


1
2 − 1

2
1
2

√
2 0

− 1
2 − 1

2 0 1
2

√
2

0 − 1
2

√
2 − 1

2 − 1
2

1
2

√
2 0 − 1

2
1
2

 , α23 = N2α3 =


− 1

2

√
2

− 1
2

√
2
0
0
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¦�

M3 =


− 1

2

√
2 1

2

√
2 0 0

− 1
2

√
2 − 1

2

√
2 0 0

0 0 1 0
0 0 0 1


¦�M3α23 = ε2.

O�M3N2, k

N3 = M3N2 =


− 1

2

√
2 0 − 1

2
1
2

0 1
2

√
2 − 1

2 −
1
2

0 − 1
2

√
2 − 1

2 −
1
2

1
2

√
2 0 − 1

2
1
2


-A = N3, KA´��Ý
, �Aα1 = ε4, Aα2 = ε3, Aα3 = ε2.
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0 0 1 0
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O�M3N2, k

N3 = M3N2 =


− 1

2

√
2 0 − 1

2
1
2

0 1
2

√
2 − 1

2 −
1
2

0 − 1
2

√
2 − 1
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1
2

1
2

√
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2
1
2



-A = N3, KA´��Ý
, �Aα1 = ε4, Aα2 = ε3, Aα3 = ε2.
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-A = N3, KA´��Ý
, �Aα1 = ε4, Aα2 = ε3, Aα3 = ε2.
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o. Ý


35p��ê6�ÆL§¥, ~~��E�
A���knê�3�kné

¡Ý
, ����½�K. Ãó�EQ Hqs�m. ^ÎÒO��{Ú�êO

�^�CoCoA, �Ñ1þ÷v�¦�kné¡Ý
�§S.
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o. Ý
(Y)

�EÑ
e�kné¡Ý
:
2
3 −

1
3 −

1
3

− 1
3

2
3 −

1
3

− 1
3 −

1
3

2
3


 1 0 0

0 1 0
0 0 1




4
3

1
3

1
3

1
3

4
3

1
3

1
3

1
3

4
3




5
3

2
3

2
3

2
3

5
3

2
3

2
3

2
3

5
3


 2 1 1

1 2 1
1 1 2


7
3

4
3

4
3

4
3

7
3

4
3

4
3

4
3

7
3




8
3

5
3

5
3

5
3

8
3

5
3

5
3

5
3

8
3


 3 2 2

2 3 2
2 2 3




10
3

7
3

7
3

7
3

10
3

7
3

7
3

7
3

10
3




11
3

8
3

8
3

8
3

11
3

8
3

8
3

8
3

11
3


§��A���g©O�

(1, 1, 0), (1, 1, 1), (1, 1, 2), (1, 1, 3), (1, 1, 4),

(1, 1, 5), (1, 1, 6), (1, 1, 7), (1, 1, 8), (1, 1, 9).
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Ê. +Ø

�
�
�
�
�
�
�
�
�
�
��

A
A

A
A

A
A

A
A

A
A

AA

p p p p p p p p p p p p p p p
p p p

pppppppp
ppppp

ppp
ppp

ppp
p6

�
�

�
�

�
�	

PPPPPPPPPq

A

D

CB

z

y

x

O
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 Ê. +Ø 8. �Ø Ô. �Ø

Ê. +Ø(Y)

~4 3þã�o¡N¥, �AB = AC = AD = BC = BD = CD = 1, À�o¡

N�%O��:, 3∆OAC, LO����OC′¦�OC′⊥OA, ±
−−→
OA�z−¶,

−−−→
OC′�y−¶, �þÈ

−−−→
OC′ ×

−−→
OA�x−¶. �K, I, J©O�AB, AC, AD�¥:.

O��,
α1 =

−−→
OA = (0, 0,

√
6

4 )T ,

α2 =
−−→
OB = ( 1

2 ,−
√

3
6 ,−

√
6

12 )T ,

α3 =
−−→
OC = (0,

√
3

3 ,−
√

6
12 )T ,

α4 =
−−→
OD = (− 1

2 ,−
√

3
6 ,−

√
6

12 )T ,

α5 =
−→
OI = (0, 1

6

√
3, 1

12

√
6)T ,

α6 =
−→
OJ = (− 1

4 ,−
1

12

√
3, 1

12

√
6)T ,

α7 =
−−→
OK = ( 1

4 ,−
1
12

√
3, 1

12

√
6)T ,

α5 = −α5,
α6 = −α6,
α7 = −α7.
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Ê. +Ø(Y)

~4 3þã�o¡N¥, �AB = AC = AD = BC = BD = CD = 1, À�o¡

N�%O��:, 3∆OAC, LO����OC′¦�OC′⊥OA, ±
−−→
OA�z−¶,

−−−→
OC′�y−¶, �þÈ

−−−→
OC′ ×

−−→
OA�x−¶. �K, I, J©O�AB, AC, AD�¥:.

O��,
α1 =

−−→
OA = (0, 0,

√
6

4 )T ,

α2 =
−−→
OB = ( 1

2 ,−
√

3
6 ,−

√
6

12 )T ,

α3 =
−−→
OC = (0,

√
3

3 ,−
√

6
12 )T ,

α4 =
−−→
OD = (− 1

2 ,−
√

3
6 ,−

√
6

12 )T ,

α5 =
−→
OI = (0, 1

6

√
3, 1

12

√
6)T ,

α6 =
−→
OJ = (− 1

4 ,−
1

12

√
3, 1

12

√
6)T ,

α7 =
−−→
OK = ( 1

4 ,−
1
12

√
3, 1

12

√
6)T ,

α5 = −α5,
α6 = −α6,
α7 = −α7.
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Ê. +Ø(Y)

�o¡N�^=+H = {I,A1,A2
1,A2,A2

2,A3,A2
3,A4,A2

4,B1,B2,B3}, Ù¥

I =

 1 0 0
0 1 0
0 0 1

 , A1 =

 −
1
2 −

1
2

√
3 0

1
2

√
3 − 1

2 0
0 0 1

 ,
A2

1 =

 − 1
2

1
2

√
3 0

− 1
2

√
3 − 1

2 0
0 0 1

 , A2 =


1
2 −

1
6

√
3 − 1

3

√
6

− 1
2

√
3 − 1

6 −
1
3

√
2

0 2
3

√
2 − 1

3

 ,
A2

2 =


1
2 −

1
2

√
3 0

− 1
6

√
3 − 1

6
2
3

√
2

− 1
3

√
6 − 1

3

√
2 − 1

3

 , A3 =


− 1

2
1
6

√
3 1

3

√
6

− 1
6

√
3 5

6 −
1
3

√
2

− 1
3

√
6 − 1

3

√
2 − 1

3

 ,
A2

3 =


− 1

2 −
1
6

√
3 − 1

3

√
6

1
6

√
3 5

6 −
1
3

√
2

1
3

√
6 − 1

3

√
2 − 1

3

 , A4 =


1
2

1
2

√
3 0

1
6

√
3 − 1

6
2
3

√
2

1
3

√
6 − 1

3

√
2 − 1

3

 ,
A2

4 =


1
2

1
6

√
3 1

3

√
6

1
2

√
3 − 1

6 −
1
3

√
2

0 2
3

√
2 − 1

3

 , B1 =


−1 0 0

0 1
3

2
3

√
2

0 2
3

√
2 − 1

3

 ,
B2 =


0 1

3

√
3 − 1

3

√
6

1
3

√
3 − 2

3 −
1
3

√
2

− 1
3

√
6 − 1

3

√
2 − 1

3

 , B3 =


0 − 1

3

√
3 1

3

√
6

− 1
3

√
3 − 2

3 −
1
3

√
2

1
3

√
6 − 1

3

√
2 − 1

3

 .
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§�¦{L:

· I A1 A2
1 A2 A2

2 A3 A2
3 A4 A2

4 B1 B2 B3

I I A1 A2
1 A2 A2

2 A3 A2
3 A4 A2

4 B1 B2 B3
A1 A1 A2

1 I A2
4 B2 A2

2 B3 A2
3 B1 A2 A3 A4

A2
1 A2

1 I A1 B1 A3 B2 A4 B3 A2 A2
4 A2

2 A2
3

A2 A2 A2
3 B2 A2

2 I A2
4 B1 A2

1 B3 A1 A4 A3
A2

2 A2
2 B1 A4 I A2 B3 A1 B2 A3 A2

3 A2
1 A2

4
A3 A3 A2

4 B3 A2
1 B1 A2

3 I A2
2 B2 A4 A1 A2

A2
3 A2

3 B2 A2 B3 A4 I A3 B1 A1 A2
2 A2

4 A2
1

A4 A4 A2
2 B1 A2

3 B3 A2
1 B2 A2

4 I A3 A2 A1
A2

4 A2
4 B3 A3 B2 A1 B1 A2 I A4 A2

1 A2
3 A2

2
B1 B1 A4 A2

2 A3 A2
1 A2 A2

4 A1 A2
3 I B3 B2

B2 B2 A2 A2
3 A1 A2

4 A4 A2
1 A3 A2

2 B3 I B1
B3 B3 A3 A2

4 A4 A2
3 A1 A2

2 A2 A2
1 B2 B1 I
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Ê. +Ø(Y)

�Ω = {α1, α2, α3, α4, α5, α6, α7, α5, α6, α7}, K

{Mαi,Mαj|M ∈ H, i = 1, 2, 3, 4, 5, 6, 7, j = 5, 6, 7} = Ω,

{Mαi,Mαj|M ∈ G, i = 1, 2, 3, 4, 5, 6, 7, j = 5, 6, 7} = Ω.

H ×Ω→ Ω, (M, α) 7→ Mα,∀M ∈ H

÷v

(1) Iα = α,

(2) M1(M2α) = (M1M2)α.

dd�Ñ+�^�½Â.
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Ê. +Ø(Y)

eΩ = {α1, α2, α3, α4, α5, α6, α7, α5, α6, α7}, K

H(α1) = {α1, α2, α3, α4}, H(α5) = {α5, α6, α7, α5, α6, α7},

�

Ω = H(α1) ∪ H(α5), H(α1) ∩ H(α5) = ∅.
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-Ω = {βn
1,2, β

n
2,1, β

n
1,3, β

n
3,1, β

n
1,4, β

n
4,1, β

n
2,3, β

n
3,2, β

n
2,4, β

n
4,2, β

n
3,4, β

n
4,3|n = 1, 2, · · · }, Ù¥

βn
1,2 =

1
nα1 + (1 − 1

n )α2, β
n
2,1 =

1
nα2 + (1 − 1

n )α1,

βn
1,3 =

1
nα1 + (1 − 1

n )α3, β
n
3,1 =

1
nα3 + (1 − 1

n )α1,

βn
1,4 =

1
nα1 + (1 − 1

n )α4, β
n
4,1 =

1
nα4 + (1 − 1

n )α1,

βn
2,3 =

1
nα2 + (1 − 1

n )α3, β
n
3,2 =

1
nα3 + (1 − 1

n )α2,

βn
2,4 =

1
nα2 + (1 − 1

n )α4, β
n
4,2 =

1
nα4 + (1 − 1

n )α2,

βn
3,4 =

1
nα3 + (1 − 1

n )α4, β
n
4,3 =

1
nα4 + (1 − 1

n )α3.

K

H(βn
1,2) = {βn

1,2, β
n
2,1, β

n
1,3, β

n
3,1, β

n
1,4, β

n
4,1, β

n
2,3, β

n
3,2, β

n
2,4, β

n
4,2, β

n
3,4, β

n
4,3},

n = 1, 2, · · · , �Ω =
⋃∞

n=1 H(βn
1,2), H(βn

1,2) ∩ H(βm
1,2) = ∅, n , m.
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8. �Ø

1. û��(�

~5 -u = −1+
√
−3

2 , Ku ∈ C3Zþ�4�õ�ª�x2 + x + 1.

�Z[u] = {a + bu|a, b ∈ Z}. -f (u) = 2 + 3u. �½a + bu ∈ Z[u], k

(a + bu)(2 + 3u) = (2a − 3b) + (3a − b)u.

-r0(a, b) = 2a − 3b, r1(a, b) = 3a − b. KD =
∣∣∣∣∣ 2 −3
3 −1

∣∣∣∣∣ = 7. Ïd, �O��:

Z[u]/(3u + 2) =
{

0 + (2 + 3u), −1 + (2 + 3u), −2 + (2 + 3u), u + (2 + 3u),
u − 1 + (2 + 3u), 2u + 1 + (2 + 3u), 2u + (2 + 3u)

}
Ú��8ÜA = {(0, 0), (1, 3), (2, 6), (3, 2), (4, 5), (5, 1), (6, 4)}±9V

�η : A → Z[u]/(3u + 2),

(0, 0) ↔ 0 + (2 + 3u)
(1, 3) ↔ −1 + (2 + 3u)
(2, 6) ↔ −2 + (2 + 3u)
(3, 2) ↔ u + (2 + 3u)

(4, 5) ↔ u − 1 + (2 + 3u)
(5, 1) ↔ 2u + 1 + (2 + 3u)
(6, 4) ↔ 2u + (2 + 3u)
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8. �Ø(Y)

���V�ψ : P → A,

(1, 1) → (0, 0)
(1, 2) → (1, 3)
(1, 3) → (2, 6)
(1, 4) → (3, 2)
(1, 5) → (4, 5)
(1, 6) → (5, 1)
(1, 7) → (6, 4)
(2, 1) → (1, 3)
(2, 2) → (2, 6)
(2, 3) → (3, 2)
(2, 4) → (4, 5)
(2, 5) → (5, 1)
(2, 6) → (6, 4)
(2, 7) → (0, 0)
(3, 1) → (2, 6)
(3, 2) → (3, 2)

(3, 3) → (4, 5)
(3, 4) → (5, 1)
(3, 5) → (6, 4)
(3, 6) → (0, 0)
(3, 7) → (1, 3)
(4, 1) → (3, 2)
(4, 2) → (4, 5)
(4, 3) → (5, 1)
(4, 4) → (6, 4)
(4, 5) → (0, 0)
(4, 6) → (1, 3)
(4, 7) → (2, 6)
(5, 1) → (4, 5)
(5, 2) → (5, 1)
(5, 3) → (6, 4)
(5, 4) → (0, 0)

(5, 5) → (1, 3)
(5, 6) → (2, 6)
(5, 7) → (3, 2)
(6, 1) → (5, 1)
(6, 2) → (6, 4)
(6, 3) → (0, 0)
(6, 4) → (1, 3)
(6, 5) → (2, 6)
(6, 6) → (3, 2)
(6, 7) → (4, 5)
(7, 1) → (6, 4)
(7, 2) → (0, 0)
(7, 3) → (1, 3)
(7, 4) → (2, 6)
(7, 5) → (3, 2)
(7, 6) → (4, 5)
(7, 7) → (5, 1)
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8. �Ø(Y)

dV�ηψ : P → Z[u]/(2 + 3u), ��\{L:

+ 0 −1 −2 u u − 1 2u + 1 2u
0 0 −1 −2 u u − 1 2u + 1 2u
−1 −1 −2 u u − 1 2u + 1 2u 0
−2 −2 u u − 1 2u + 1 2u 0 −1

u u u − 1 2u + 1 2u 0 −1 −2
u − 1 u − 1 2u + 1 2u 0 −1 −2 u

2u + 1 2u + 1 2u 0 −1 −2 u u − 1
2u 2u 0 −1 −2 u u − 1 2u + 1

Ó��{���¦{L:

× 0 −1 −2 u u − 1 2u + 1 2u
0 0 0 0 0 0 0 0
−1 0 2u 2u + 1 u − 1 u −2 −1
−2 0 2u + 1 u −1 2u u − 1 −2

u 0 u − 1 −1 2u + 1 −2 2u u
u − 1 0 u 2u −2 2u + 1 −1 u − 1

2u + 1 0 −2 u − 1 2u −1 u 2u + 1
2u 0 −1 −2 u u − 1 2u + 1 2u
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8. �Ø(Y)

dV�ηψ : P → Z[u]/(2 + 3u), ��\{L:

+ 0 −1 −2 u u − 1 2u + 1 2u
0 0 −1 −2 u u − 1 2u + 1 2u
−1 −1 −2 u u − 1 2u + 1 2u 0
−2 −2 u u − 1 2u + 1 2u 0 −1

u u u − 1 2u + 1 2u 0 −1 −2
u − 1 u − 1 2u + 1 2u 0 −1 −2 u

2u + 1 2u + 1 2u 0 −1 −2 u u − 1
2u 2u 0 −1 −2 u u − 1 2u + 1

Ó��{���¦{L:

× 0 −1 −2 u u − 1 2u + 1 2u
0 0 0 0 0 0 0 0
−1 0 2u 2u + 1 u − 1 u −2 −1
−2 0 2u + 1 u −1 2u u − 1 −2

u 0 u − 1 −1 2u + 1 −2 2u u
u − 1 0 u 2u −2 2u + 1 −1 u − 1

2u + 1 0 −2 u − 1 2u −1 u 2u + 1
2u 0 −1 −2 u u − 1 2u + 1 2u
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8. �Ø(Y)

2. î¼�

î¼��½Â:

�R´����, -R∗ = R \ {0}, N��N�K�ê�8Ü, ϕ : R∗ → N´N�.

eéu?¿a ∈ R∗, b ∈ R, �3q, r ∈ R¦�b = aq + r, Ù¥r = 0½ϕ(r) < ϕ(a), K

¡R´î¼�.

Ï~î¼��~fk�ê�Z, �Fþ�õ�ª�F[x], �ê��*�Z[i],

Z[
√

2], Z[
√
−2]ÚZ[

√
3].

¯K: ´ÄkÙ¦î¼��~f?

�
�E#�î¼��~f, ·�kwe¡~f�y²L§.
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2. î¼�

î¼��½Â:

�R´����, -R∗ = R \ {0}, N��N�K�ê�8Ü, ϕ : R∗ → N´N�.

eéu?¿a ∈ R∗, b ∈ R, �3q, r ∈ R¦�b = aq + r, Ù¥r = 0½ϕ(r) < ϕ(a), K

¡R´î¼�.

Ï~î¼��~fk�ê�Z, �Fþ�õ�ª�F[x], �ê��*�Z[i],

Z[
√

2], Z[
√
−2]ÚZ[

√
3].

¯K: ´ÄkÙ¦î¼��~f?

�
�E#�î¼��~f, ·�kwe¡~f�y²L§.
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2. î¼�

î¼��½Â:

�R´����, -R∗ = R \ {0}, N��N�K�ê�8Ü, ϕ : R∗ → N´N�.

eéu?¿a ∈ R∗, b ∈ R, �3q, r ∈ R¦�b = aq + r, Ù¥r = 0½ϕ(r) < ϕ(a), K

¡R´î¼�.

Ï~î¼��~fk�ê�Z, �Fþ�õ�ª�F[x], �ê��*�Z[i],

Z[
√

2], Z[
√
−2]ÚZ[

√
3].

¯K: ´ÄkÙ¦î¼��~f?

�
�E#�î¼��~f, ·�kwe¡~f�y²L§.
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2. î¼�

î¼��½Â:

�R´����, -R∗ = R \ {0}, N��N�K�ê�8Ü, ϕ : R∗ → N´N�.

eéu?¿a ∈ R∗, b ∈ R, �3q, r ∈ R¦�b = aq + r, Ù¥r = 0½ϕ(r) < ϕ(a), K

¡R´î¼�.

Ï~î¼��~fk�ê�Z, �Fþ�õ�ª�F[x], �ê��*�Z[i],

Z[
√

2], Z[
√
−2]ÚZ[

√
3].

¯K: ´ÄkÙ¦î¼��~f?

�
�E#�î¼��~f, ·�kwe¡~f�y²L§.
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�. Úó �. é¡õ�ª n. IO��Ä o. Ý
 Ê. +Ø 8. �Ø Ô. �Ø

8. �Ø(Y)

~6 y²: ��Z[
√

3] = {m + n
√

3|m, n ∈ Z}'uN�

ϕ : Z[
√

3]∗ → N
m + n

√
3 7→ |m2 − 3n2|, ∀m + n

√
3 ∈ Z[

√
3]

´��î¼�, Ù¥N´�K�ê8Ü, Z[
√

3]∗ = Z[
√

3]\{0}.

yyy²²²: ∀a = m + n
√

3 ∈ Z[
√

3]∗, ∀b = p + q
√

3 ∈ Z[
√

3], k

b
a
=

p + q
√

3

m + n
√

3
=

pm − 3qn
m2 − 3n2 +

qm − pn
m2 − 3n2

√
3.

-

u =
pm − 3qn
m2 − 3n2 , v =

qm − pn
m2 − 3n2 ,

K b
a = u + v

√
3.
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√
3 ∈ Z[

√
3]

´��î¼�, Ù¥N´�K�ê8Ü, Z[
√

3]∗ = Z[
√

3]\{0}.

yyy²²²: ∀a = m + n
√

3 ∈ Z[
√

3]∗, ∀b = p + q
√

3 ∈ Z[
√

3], k

b
a
=

p + q
√
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√
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 Ê. +Ø 8. �Ø Ô. �Ø

8. �Ø(Y)

�u′, v′©O´�u, v��C��ê, K|u − u′| ≤ 1
2 , |v − v′| ≤ 1

2 .

-k = u − u′,

l = v − v′, K|k| ≤ 1
2 , |l| ≤ 1

2 . l

b = a(u + v
√

3)
= a[(u′ + k) + (v′ + l)

√
3]

= a(u′ + v′
√

3) + a(k + l
√

3)
= aq + r

Ù¥q = u′ + v′
√

3 ∈ Z[
√

3], r = a(k + l
√

3) = b − aq ∈ Z[
√

3].
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√
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√
3]

= a(u′ + v′
√
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√
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√
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2 , |v − v′| ≤ 1

2 . -k = u − u′,
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√
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√
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√
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√
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er , 0, K

ϕ(r) = ϕ(a(k + l
√

3))
= ϕ(mk + 3nl + (kn + lm)

√
3)

= |(m2 − 3n2)(k2 − 3l2)|
≤ ϕ(a)|k2 − 3l2|

≤ 3
4ϕ(a) (∵ max

− 1
2 ≤k≤ 1

2 ,−
1
2 ≤l≤ 1

2

|k2 − 3l2| = 3
4 )

< ϕ(a)

Ïd��Z[
√

3] = {m + n
√

3|m, n ∈ Z}'uN�

ϕ : Z[
√

3]∗ → N
m + n

√
3 7→ |m2 − 3n2|, ∀m + n

√
3 ∈ Z[

√
3]

´��î¼�.
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ϕ(r) = ϕ(a(k + l
√
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= ϕ(mk + 3nl + (kn + lm)

√
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= |(m2 − 3n2)(k2 − 3l2)|
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4ϕ(a) (∵ max
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1
2 ≤l≤ 1

2
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Ïd��Z[
√

3] = {m + n
√

3|m, n ∈ Z}'uN�
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√
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m + n
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√
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 Ê. +Ø 8. �Ø Ô. �Ø

8. �Ø(Y)

~7 �u = − 1
2 +

1
2

√
3i, Ku3Zþ�4�õ�ª�x2 + x + 1.

-Z[u] = {a + bu|a, b ∈ Z}, ½ÂN�

ϕ : Z[u]∗ → N,
a + bu 7→ a2 − ab + b2

KZ[u]'uN�ϕ�¤îª�.

yyy²²²: ∀m = a + bu ∈ Z[u]∗, ∀n = c + du ∈ Z[u], k

n
m
=

c + du
a + bu

=
(c + du)((a − b − bu))
(a + bu)((a − b − bu))

=
ac − bc + bd
a2 − ab + b2 +

−bc + ad
a2 − ab + b2 u.

-

w =
ac − bc + bd
a2 − ab + b2 , v =

−bc + ad
a2 − ab + b2 ,

K
n
m
= w + vu
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-

w =
ac − bc + bd
a2 − ab + b2 , v =

−bc + ad
a2 − ab + b2 ,

K
n
m
= w + vu

Ü�B4ï���ÆêOÆ� �ê�Æ¥'ßÎÒO��ng



�. Úó �. é¡õ�ª n. IO��Ä o. Ý
 Ê. +Ø 8. �Ø Ô. �Ø
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�w′, v′©O´�w, v��C��ê, K|w − w′| ≤ 1
2 , |v − v′| ≤ 1

2 .

-k = u − u′,

l = v − v′, K|k| ≤ 1
2 , |l| ≤ 1

2 . l

n = m(w + vu)
= m[(w′ + k) + (v′ + l)u]
= m(w′ + v′u) + a(k + lu)
= mq + r

Ù¥q = w′ + v′u ∈ Z[u], r = m(k + lu) = n − mq ∈ Z[u].
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= mq + r

Ù¥q = w′ + v′u ∈ Z[u], r = m(k + lu) = n − mq ∈ Z[u].

Ü�B4ï���ÆêOÆ� �ê�Æ¥'ßÎÒO��ng



�. Úó �. é¡õ�ª n. IO��Ä o. Ý
 Ê. +Ø 8. �Ø Ô. �Ø

8. �Ø(Y)

�w′, v′©O´�w, v��C��ê, K|w − w′| ≤ 1
2 , |v − v′| ≤ 1

2 . -k = u − u′,

l = v − v′, K|k| ≤ 1
2 , |l| ≤ 1

2 . l

n = m(w + vu)
= m[(w′ + k) + (v′ + l)u]
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8. �Ø(Y)

er , 0, K

ϕ(r) = ϕ(m(k + lu))
= ϕ(ak − bl + (bk + al − bl)u)
= (a2 − ab + b2)(k2 − kl + l2)
≤ ϕ(m)(k2 − kl + l2)
≤ 3

4ϕ(m) (∵ max
− 1

2 ≤k≤ 1
2 ,−

1
2 ≤l≤ 1

2

k2 − kl + l2 = 3
4 )

< ϕ(m)

Ïd��Z[u] = {a + bu|a, b ∈ Z}'uN�

ϕ : Z[u]\{0} → N,
a + bu 7→ a2 − ab + b2

´��î¼�.
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~8 �u = 1
2 +

1
2

√
11i, Ku3Zþ�4�õ�ª�x2 − x + 3.

-Z[u] = {a + bu|a, b ∈ Z}, ½ÂN�

ϕ : Z[u]\{0} → N,
a + bu 7→ a2 + ab + 3b2

KZ[u]'uN�ϕ�¤îª�.

ky²e�Ún:

ÚÚÚnnn: -f (a, b) = a2 + ab + 3b2. K

(1) � 1
4 ≤ a ≤ 1

2 ,
1
4 ≤ b ≤ 1

2 �, f (a − 1, b) ≤ 15
16 .

(2) �− 1
2 ≤ a ≤ − 1

4 ,−
1
2 ≤ b ≤ − 1

4 �, f (a + 1, b) ≤ 15
16 .

(3) Ù¦�¹, f (a, b) ≤ 15
16 .
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yyy²²²: Ïf (a, b)´à¼ê, KÙ���3�1��>.þ��.

(1) f (a − 1, b) = a2 + ab − 2a + 3b2 − b + 1,

f ( 1
4 − 1, 1

2 ) = 15
16 ,

f ( 1
2 − 1, 1

2 ) = 3
4 ,

f ( 1
4 − 1, 1

4 ) = 9
16 ,

f ( 1
2 − 1, 1

4 ) = 5
16 ,

Kf (a − 1, b) ≤ 15
16 .

(2) f (a + 1, b) = a2 + ab + 3b2 + 2a + b + 1,

f (− 1
4 + 1,− 1

2 ) = 15
16 ,

f (− 1
2 + 1,− 1

2 ) = 3
4 ,

f (− 1
4 + 1,− 1

4 ) = 9
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4 ) = 5
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3. û�¥���O�

~93Z[i]/(13)þ, O�1 + (13)�²��.

))): 13 = (2 + 3i)(2 − 3i), Kd¥I�{½n,

Z[i]/(13) � Z[i]/(2 + 3i) × Z[i]/(2 − 3i).

eka+ bi, c+ di ∈ Z[i]¦�2+ 3i = (a+ bi)(c+ di), K13 = (a2 + b2)(c2 + d2), �{
a2 + b2 = 1
c2 + d2 = 13 ,

{
a2 + b2 = 13
c2 + d2 = 1 .

e {
a2 + b2 = 1
c2 + d2 = 13 ,

Ka + bi�Z[i]�ü .
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 Ê. +Ø 8. �Ø Ô. �Ø

8. �Ø(Y)

e {
a2 + b2 = 13
c2 + d2 = 1 ,

Ka + bi�2 + 3i����. Ïd2 + 3i´Z[i]�Ø���. Ón, 2 − 3i´Z[i]�Ø�

��. lZ[i]/(2 + 3i)ÚZ[i]/(2 − 3i)Ñ´�.

ea + bi + (13) ∈ Z[i]/(13)¦�[a + bi + (13)]2 = 1 + (13), ={
[a + bi + (2 + 3i)]2 = 1 + (2 + 3i)
[a + bi + (2 − 3i)]2 = 1 + (2 − 3i)

.

3�Z[i]/(2 + 3i)ÚZ[i]/(2 − 3i)¥, ²���õ�kü�, K{
a + bi + (2 + 3i) = 1 + (2 + 3i)
a + bi + (2 − 3i) = 1 + (2 − 3i) ,

{
a + bi + (2 + 3i) = −1 + (2 + 3i)
a + bi + (2 − 3i) = 1 + (2 − 3i) ,{

a + bi + (2 + 3i) = 1 + (2 + 3i)
a + bi + (2 − 3i) = −1 + (2 − 3i) ,

{
a + bi + (2 + 3i) = −1 + (2 + 3i)
a + bi + (2 − 3i) = −1 + (2 − 3i) .

Ü�B4ï���ÆêOÆ� �ê�Æ¥'ßÎÒO��ng



�. Úó �. é¡õ�ª n. IO��Ä o. Ý
 Ê. +Ø 8. �Ø Ô. �Ø

8. �Ø(Y)

e {
a2 + b2 = 13
c2 + d2 = 1 ,

Ka + bi�2 + 3i����. Ïd2 + 3i´Z[i]�Ø���. Ón, 2 − 3i´Z[i]�Ø�

��. lZ[i]/(2 + 3i)ÚZ[i]/(2 − 3i)Ñ´�.

ea + bi + (13) ∈ Z[i]/(13)¦�[a + bi + (13)]2 = 1 + (13), ={
[a + bi + (2 + 3i)]2 = 1 + (2 + 3i)
[a + bi + (2 − 3i)]2 = 1 + (2 − 3i)

.

3�Z[i]/(2 + 3i)ÚZ[i]/(2 − 3i)¥, ²���õ�kü�, K{
a + bi + (2 + 3i) = 1 + (2 + 3i)
a + bi + (2 − 3i) = 1 + (2 − 3i) ,

{
a + bi + (2 + 3i) = −1 + (2 + 3i)
a + bi + (2 − 3i) = 1 + (2 − 3i) ,{

a + bi + (2 + 3i) = 1 + (2 + 3i)
a + bi + (2 − 3i) = −1 + (2 − 3i) ,

{
a + bi + (2 + 3i) = −1 + (2 + 3i)
a + bi + (2 − 3i) = −1 + (2 − 3i) .

Ü�B4ï���ÆêOÆ� �ê�Æ¥'ßÎÒO��ng



�. Úó �. é¡õ�ª n. IO��Ä o. Ý
 Ê. +Ø 8. �Ø Ô. �Ø

8. �Ø(Y)

1. e {
a + bi + (2 + 3i) = 1 + (2 + 3i)
a + bi + (2 − 3i) = 1 + (2 − 3i) ,

K {
a + bi − 1 ∈ (2 + 3i)
a + bi − 1 ∈ (2 − 3i) ,

=�3c + di, e + fi ∈ Z[i]¦�

{
a + bi − 1 = (2 + 3i)(c + di) = (3c + 2d)i + 2c − 3d
a + bi − 1 = (2 − 3i)(e + fi) = (−3e + 2f )i + 2e + 3f ,

Ïd 
3c + 2d = a − 1
2c − 3d = b
−3e + 2f = a − 1

2e + 3f = b
(1)
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�. Úó �. é¡õ�ª n. IO��Ä o. Ý
 Ê. +Ø 8. �Ø Ô. �Ø

8. �Ø(Y)

1. e {
a + bi + (2 + 3i) = 1 + (2 + 3i)
a + bi + (2 − 3i) = 1 + (2 − 3i) ,

K {
a + bi − 1 ∈ (2 + 3i)
a + bi − 1 ∈ (2 − 3i) ,

=�3c + di, e + fi ∈ Z[i]¦�

{
a + bi − 1 = (2 + 3i)(c + di) = (3c + 2d)i + 2c − 3d
a + bi − 1 = (2 − 3i)(e + fi) = (−3e + 2f )i + 2e + 3f ,

Ïd 
3c + 2d = a − 1
2c − 3d = b
−3e + 2f = a − 1

2e + 3f = b
(1)
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�. Úó �. é¡õ�ª n. IO��Ä o. Ý
 Ê. +Ø 8. �Ø Ô. �Ø

8. �Ø(Y)

)�§|(1)�, 
c = 1

13 (3a + 2b − 3)
d = 1

13 (2a − 3b − 2)
e = 1

13 (−3a + 2b + 3)
f = 1

13 (2a + 3b − 2)

(2)

Ï�c, d, e, f ∈ Z, �a+ bi+ (13) ∈ Z[i]/(13), ¤±k0 ≤ a ≤ 12, 0 ≤ b ≤ 12, �
3a + 2b − 3 ≡ 0 (mod 13)
2a − 3b − 2 ≡ 0 (mod 13)
−3a + 2b + 3 ≡ 0 (mod 13)

2a + 3b − 2 ≡ 0 (mod 13)
(3)

)Ó{�§|(3)�, {
a = 1
b = 0
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�. Úó �. é¡õ�ª n. IO��Ä o. Ý
 Ê. +Ø 8. �Ø Ô. �Ø

8. �Ø(Y)

)�§|(1)�, 
c = 1

13 (3a + 2b − 3)
d = 1

13 (2a − 3b − 2)
e = 1

13 (−3a + 2b + 3)
f = 1

13 (2a + 3b − 2)

(2)

Ï�c, d, e, f ∈ Z, �a+ bi+ (13) ∈ Z[i]/(13), ¤±k0 ≤ a ≤ 12, 0 ≤ b ≤ 12, �
3a + 2b − 3 ≡ 0 (mod 13)
2a − 3b − 2 ≡ 0 (mod 13)
−3a + 2b + 3 ≡ 0 (mod 13)

2a + 3b − 2 ≡ 0 (mod 13)
(3)

)Ó{�§|(3)�, {
a = 1
b = 0
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�. Úó �. é¡õ�ª n. IO��Ä o. Ý
 Ê. +Ø 8. �Ø Ô. �Ø

8. �Ø(Y)

2. e {
a + bi + (2 + 3i) = −1 + (2 + 3i)
a + bi + (2 − 3i) = 1 + (2 − 3i) ,

K {
a + bi + 1 ∈ (2 + 3i)
a + bi − 1 ∈ (2 − 3i) ,

=�3c + di, e + fi ∈ Z[i]¦�

{
a + bi + 1 = (2 + 3i)(c + di) = (3c + 2d)i + 2c − 3d
a + bi − 1 = (2 − 3i)(e + fi) = (−3e + 2f )i + 2e + 3f ,

Ïd 
3c + 2d = a + 1
2c − 3d = b
−3e + 2f = a − 1

2e + 3f = b
(4)
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�. Úó �. é¡õ�ª n. IO��Ä o. Ý
 Ê. +Ø 8. �Ø Ô. �Ø

8. �Ø(Y)

)�§|(4)�, 
c = 1

13 (3a + 2b + 3)
d = 1

13 (2a − 3b + 2)
e = 1

13 (−3a + 2b + 3)
f = 1

13 (2a + 3b − 2)

(5)

Ï�c, d, e, f ∈ Z, �a + bi + (13) ∈ Z[i]/(13), ¤±k0 ≤ a ≤ 12, 0 ≤ b ≤ 12, �
3a + 2b + 3 ≡ 0 (mod 13)
2a − 3b + 2 ≡ 0 (mod 13)
−3a + 2b + 3 ≡ 0 (mod 13)

2a + 3b − 2 ≡ 0 (mod 13)
(6)

)Ó{�§|(6)�, {
a = 0
b = 5
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�. Úó �. é¡õ�ª n. IO��Ä o. Ý
 Ê. +Ø 8. �Ø Ô. �Ø

8. �Ø(Y)

3. e {
a + bi + (2 + 3i) = 1 + (2 + 3i)
a + bi + (2 − 3i) = −1 + (2 − 3i) ,

K {
a + bi − 1 ∈ (2 + 3i)
a + bi + 1 ∈ (2 − 3i) ,

=�3c + di, e + fi ∈ Z[i]¦�

{
a + bi − 1 = (2 + 3i)(c + di) = (3c + 2d)i + 2c − 3d
a + bi + 1 = (2 − 3i)(e + fi) = (−3e + 2f )i + 2e + 3f ,

Ïd 
3c + 2d = a − 1
2c − 3d = b
−3e + 2f = a + 1

2e + 3f = b
(7)
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�. Úó �. é¡õ�ª n. IO��Ä o. Ý
 Ê. +Ø 8. �Ø Ô. �Ø

8. �Ø(Y)

)�§|(7)�, 
c = 1

13 (3a + 2b − 3)
d = 1

13 (2a − 3b − 2)
e = 1

13 (−3a + 2b − 3)
f = 1

13 (2a + 3b + 2)

(8)

Ï�c, d, e, f ∈ Z, �a + bi + (13) ∈ Z[i]/(13), ¤±k0 ≤ a ≤ 12, 0 ≤ b ≤ 12, �
3a + 2b − 3 ≡ 0 (mod 13)
2a − 3b − 2 ≡ 0 (mod 13)
−3a + 2b − 3 ≡ 0 (mod 13)

2a + 3b + 2 ≡ 0 (mod 13)
(9)

)Ó{�§|(9)�, {
a = 0
b = 8
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�. Úó �. é¡õ�ª n. IO��Ä o. Ý
 Ê. +Ø 8. �Ø Ô. �Ø

8. �Ø(Y)

4. e {
a + bi + (2 + 3i) = −1 + (2 + 3i)
a + bi + (2 − 3i) = −1 + (2 − 3i) ,

K {
a + bi + 1 ∈ (2 + 3i)
a + bi + 1 ∈ (2 − 3i) ,

=�3c + di, e + fi ∈ Z[i]¦�

{
a + bi + 1 = (2 + 3i)(c + di) = (3c + 2d)i + 2c − 3d
a + bi + 1 = (2 − 3i)(e + fi) = (−3e + 2f )i + 2e + 3f ,

Ïd 
3c + 2d = a + 1
2c − 3d = b
−3e + 2f = a + 1

2e + 3f = b
(10)
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�. Úó �. é¡õ�ª n. IO��Ä o. Ý
 Ê. +Ø 8. �Ø Ô. �Ø

8. �Ø(Y)

)�§|(10)�, 
c = 1

13 (3a + 2b + 3)
d = 1

13 (2a − 3b + 2)
e = 1

13 (−3a + 2b − 3)
f = 1

13 (2a + 3b + 2)

(11)

Ï�c, d, e, f ∈ Z, �a + bi + (13) ∈ Z[i]/(13), ¤±k0 ≤ a ≤ 12, 0 ≤ b ≤ 12, �
3a + 2b + 3 ≡ 0 (mod 13)
2a − 3b + 2 ≡ 0 (mod 13)
−3a + 2b − 3 ≡ 0 (mod 13)

2a + 3b + 2 ≡ 0 (mod 13)
(12)

)Ó{�§|(12)�, {
a = 12
b = 0

Ïd1 + (13)3Z[i]�²���1 + (13), 12 + (13), 5i + (13), 8i + (13).
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�. Úó �. é¡õ�ª n. IO��Ä o. Ý
 Ê. +Ø 8. �Ø Ô. �Ø

Ô. �Ø

1. ¥Æ©1knz

éu/X

a + b n√2

c + d n√3

(Ù¥c, d ∈ Q�cd , 0)�©ª�©1knz¯K, Ì�|^úª

an − bn = (a − b)(an−1 + an−2b + · · · + abn−2 + bn−1),

òÙ©1knz,

=

a+b n√2
c+d n√3

=
(a+b n√2)[cn−1+cn−2(−d n√3)+···+c(−d n√3)n−2+(−d n√3)n−1]
(c+d n√3)[cn−1+cn−2(−d n√3)+···+c(−d n√3)n−2+(−d n√3)n−1]

=
(a+b n√2)[cn−1+cn−2(−d n√3)+···+c(−d n√3)n−2+(−d n√3)n−1]

(cn+3dn)

Ü�B4ï���ÆêOÆ� �ê�Æ¥'ßÎÒO��ng



�. Úó �. é¡õ�ª n. IO��Ä o. Ý
 Ê. +Ø 8. �Ø Ô. �Ø

Ô. �Ø

1. ¥Æ©1knz

éu/X

a + b n√2

c + d n√3

(Ù¥c, d ∈ Q�cd , 0)�©ª�©1knz¯K, Ì�|^úª

an − bn = (a − b)(an−1 + an−2b + · · · + abn−2 + bn−1),

òÙ©1knz, =

a+b n√2
c+d n√3

=
(a+b n√2)[cn−1+cn−2(−d n√3)+···+c(−d n√3)n−2+(−d n√3)n−1]
(c+d n√3)[cn−1+cn−2(−d n√3)+···+c(−d n√3)n−2+(−d n√3)n−1]

=
(a+b n√2)[cn−1+cn−2(−d n√3)+···+c(−d n√3)n−2+(−d n√3)n−1]

(cn+3dn)
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�. Úó �. é¡õ�ª n. IO��Ä o. Ý
 Ê. +Ø 8. �Ø Ô. �Ø

Ô. �Ø(Y)

¯K1: 3�Q(
√

2,
√

3) = {a + b
√

2 + c
√

3 + d
√

6|a, b, c, d ∈ Q}¥, éu/X

e + f
√

2 + g
√

3 + h
√

6

a + b
√

2 + c
√

3 + d
√

6

�©ª, XÛòÙ©1knz?

¯K1�duée + f
√

2 + g
√

3 + h
√

6 ∈ Q(
√

2,
√

3) ¦�

(e + f
√

2 + g
√

3 + h
√

6)(a + b
√

2 + c
√

3 + d
√

6) ∈ Q.
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�. Úó �. é¡õ�ª n. IO��Ä o. Ý
 Ê. +Ø 8. �Ø Ô. �Ø

Ô. �Ø(Y)

¯K1: 3�Q(
√

2,
√

3) = {a + b
√

2 + c
√

3 + d
√

6|a, b, c, d ∈ Q}¥, éu/X

e + f
√

2 + g
√

3 + h
√

6

a + b
√

2 + c
√

3 + d
√

6

�©ª, XÛòÙ©1knz?

¯K1�duée + f
√

2 + g
√

3 + h
√

6 ∈ Q(
√

2,
√

3) ¦�

(e + f
√

2 + g
√

3 + h
√

6)(a + b
√

2 + c
√

3 + d
√

6) ∈ Q.
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�. Úó �. é¡õ�ª n. IO��Ä o. Ý
 Ê. +Ø 8. �Ø Ô. �Ø

Ô. �Ø(Y)

·�æ^�½Xê{:

(e + f
√

2 + g
√

3 + h
√

6)(a + b
√

2 + c
√

3 + d
√

6)
= (ae + 2bf + 3cg + 6dh) + (be + af + 3dg + 3ch)

√
2

+(ce + 2df + ag + 2bh)
√

3 + (de + cf + bg + ah)
√

6

- 
ae + 2bf + 3cg + 6dh = D

be + af + 3dg + 3ch = 0
ce + 2df + ag + 2bh = 0

de + cf + bg + ah = 0
(13)

Ù¥

D =

∣∣∣∣∣∣∣∣∣
a 2b 3c 6d
b a 3d 3c
c 2d a 2b
d c b a

∣∣∣∣∣∣∣∣∣
= a4 − 4a2b2 + 4b4 − 6a2c2 − 12b2c2 + 9c4

+48abcd − 12a2d2 − 24b2d2 − 36c2d2 + 36d4
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�. Úó �. é¡õ�ª n. IO��Ä o. Ý
 Ê. +Ø 8. �Ø Ô. �Ø

Ô. �Ø(Y)

·�æ^�½Xê{:

(e + f
√

2 + g
√

3 + h
√

6)(a + b
√

2 + c
√

3 + d
√

6)
= (ae + 2bf + 3cg + 6dh) + (be + af + 3dg + 3ch)

√
2

+(ce + 2df + ag + 2bh)
√

3 + (de + cf + bg + ah)
√

6

- 
ae + 2bf + 3cg + 6dh = D

be + af + 3dg + 3ch = 0
ce + 2df + ag + 2bh = 0

de + cf + bg + ah = 0
(13)

Ù¥

D =

∣∣∣∣∣∣∣∣∣
a 2b 3c 6d
b a 3d 3c
c 2d a 2b
d c b a

∣∣∣∣∣∣∣∣∣
= a4 − 4a2b2 + 4b4 − 6a2c2 − 12b2c2 + 9c4

+48abcd − 12a2d2 − 24b2d2 − 36c2d2 + 36d4
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�. Úó �. é¡õ�ª n. IO��Ä o. Ý
 Ê. +Ø 8. �Ø Ô. �Ø

Ô. �Ø(Y)

·�æ^�½Xê{:

(e + f
√

2 + g
√

3 + h
√

6)(a + b
√

2 + c
√

3 + d
√

6)
= (ae + 2bf + 3cg + 6dh) + (be + af + 3dg + 3ch)

√
2

+(ce + 2df + ag + 2bh)
√

3 + (de + cf + bg + ah)
√

6

- 
ae + 2bf + 3cg + 6dh = D

be + af + 3dg + 3ch = 0
ce + 2df + ag + 2bh = 0

de + cf + bg + ah = 0
(13)

Ù¥

D =

∣∣∣∣∣∣∣∣∣
a 2b 3c 6d
b a 3d 3c
c 2d a 2b
d c b a

∣∣∣∣∣∣∣∣∣
= a4 − 4a2b2 + 4b4 − 6a2c2 − 12b2c2 + 9c4

+48abcd − 12a2d2 − 24b2d2 − 36c2d2 + 36d4
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�. Úó �. é¡õ�ª n. IO��Ä o. Ý
 Ê. +Ø 8. �Ø Ô. �Ø

Ô. �Ø(Y)

^�40{K)'uCþe, f , g, h��5�§|(13)�,

e = a3 − 2ab2 − 3ac2 + 12bcd − 6ad2

f = −a2b + 2b3 − 3bc2 + 6acd − 6bd2

g = −a2c − 2b2c + 3c3 + 4abd − 6cd2

h = 2abc − a2d − 2b2d − 3c2d + 6d3

~X,

(2 −
√

2 + 3
√

3 − 4
√

6)(−98 − 19
√

2 − 193
√

3 − 264
√

6) = 4441
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�. Úó �. é¡õ�ª n. IO��Ä o. Ý
 Ê. +Ø 8. �Ø Ô. �Ø

Ô. �Ø(Y)

^�40{K)'uCþe, f , g, h��5�§|(13)�,

e = a3 − 2ab2 − 3ac2 + 12bcd − 6ad2

f = −a2b + 2b3 − 3bc2 + 6acd − 6bd2

g = −a2c − 2b2c + 3c3 + 4abd − 6cd2

h = 2abc − a2d − 2b2d − 3c2d + 6d3

~X,

(2 −
√

2 + 3
√

3 − 4
√

6)(−98 − 19
√

2 − 193
√

3 − 264
√

6) = 4441
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�. Úó �. é¡õ�ª n. IO��Ä o. Ý
 Ê. +Ø 8. �Ø Ô. �Ø

Ô. �Ø(Y)

¯K2: ���/, ep(x)Úq(x)Ñ´knê�Qþ�gê�u1�ü�ØÓ�

Ø��õ�ª,

uÚv©O´p(x)Úq(x)3Eê�Cþ��, �p(x)�gê∂p(x) = m,

q(x)�gê∂q(x) = n, K3Qþ��ê*Ü

Q(u, v) =

m−1∑
i=0

n−1∑
j=0

aijuivj

∣∣∣∣∣∣∣ aij ∈ Q, i = 0, 1, 2, · · · ,m − 1, j = 0, 1, 2, · · · , n − 1


¥, éu©ª

m−1∑
i=0

n−1∑
j=0

bijuivj

m−1∑
i=0

n−1∑
j=0

aijuivj

,

XÛòÙ©1knz?
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�. Úó �. é¡õ�ª n. IO��Ä o. Ý
 Ê. +Ø 8. �Ø Ô. �Ø

Ô. �Ø(Y)

¯K2: ���/, ep(x)Úq(x)Ñ´knê�Qþ�gê�u1�ü�ØÓ�

Ø��õ�ª, uÚv©O´p(x)Úq(x)3Eê�Cþ��,

�p(x)�gê∂p(x) = m,

q(x)�gê∂q(x) = n, K3Qþ��ê*Ü

Q(u, v) =

m−1∑
i=0

n−1∑
j=0

aijuivj

∣∣∣∣∣∣∣ aij ∈ Q, i = 0, 1, 2, · · · ,m − 1, j = 0, 1, 2, · · · , n − 1


¥, éu©ª

m−1∑
i=0

n−1∑
j=0

bijuivj

m−1∑
i=0

n−1∑
j=0

aijuivj

,

XÛòÙ©1knz?
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�. Úó �. é¡õ�ª n. IO��Ä o. Ý
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2. knz�{

¯K2�du�½
m−1∑
i=0

n−1∑
j=0

aijuivj ∈ Q(u, v),

éÑ
m−1∑
i=0

n−1∑
j=0

bijuivj ∈ Q(u, v)

¦�

(
m−1∑
i=0

n−1∑
j=0

aijuivj)(
m−1∑
i=0

n−1∑
j=0

bijuivj) ∈ Q.
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�½
m−1∑
i=0

n−1∑
j=0

aijuivj ∈ Q(u, v), ·�ke�knzÚ½:

Step 1. ¦õ�ª�Q[a00, · · · , a0n−1, · · · , am−11, · · · , am−1n−1, x, y]�n�

<

n−1∑
j=0

aijxiyj, p(x), q(y) >

3x > y > a00 > · · · > a0n−1 > · · · > am−11 > · · · > am−1n−1�i;Se�{

zGröbnerÄ, ¿éÑ{zGröbnerÄ¥Ø¹x, y�õ�

ªf (a00, · · · , a0n−1, · · · , am−11, · · · , am−1n−1).
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m−1∑
i=0

n−1∑
j=0

aijxiyj)(
m−1∑
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n−1∑
j=0

bijxiyj)Ø±p(x)Úq(y)¤��{ª

m−1∑
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n−1∑
j=0
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Ù¥fij(b00, · · · , b0n−1, · · · , bm−11, · · · , bm−1n−1)Ñ

´b00, · · · , b0n−1, · · · , bm−11, · · · , bm−1n−1��5¼ê,
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�¦�b00, · · · , b0n−1, · · · , bm−11, · · · , bm−1n−1¦�

(
m−1∑
i=0

n−1∑
j=0

aijuivj)(
m−1∑
i=0

n−1∑
j=0

bijuivj) ∈ Q.
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3. �~

e¡·�±��~f`²þ!knz�{��15.

~10 �u´õ�ªx3 − 4x + 2����, �½��a + bu + cu2 ∈ Q(u), ¦��

��d + eu + fu2 ∈ Q(u)¦�(a + bu + cu2)(d + eu + fu2) ∈ Q.

))): ^þãknz�{, ¦)Xe:

Step 1. ¦õ�ª�Q[a, b, c, x]�n�< a + bx + cx2, x3 − 4x + 2 >

3x > a > b > c�i;Se�{zGröbnerÄ

x3 − 4x + 2,
cx2 + bx + a,
bx2 + ax + 4cx − 2c, ax2 − 2cx − 4a − 2b,
b2x − acx − 4c2x + ab + 2c2,
abx + 2c2x + a2 + 4ac + 2bc,
a2x + 4acx + 2bcx + 4ab + 2b2 − 2ac,
a3 − 4ab2 − 2b3 + 8a2c + 6abc + 16ac2 + 8bc2 + 4c3


Ù¥Ø¹x, y�õ�ª�a3 − 4ab2 − 2b3 + 8a2c + 6abc + 16ac2 + 8bc2 + 4c3.
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Step 2. O�(a + bx + cx2)(d + ex + fx2)Ø±x3 − 4x + 2¤��{ª

(cd + be + af + 4cf )x2 + (bd + ae + 4ce + 4bf − 2cf )x + ad − 2ce − 2bf .

Step 3. )'uCþd, e, f ��5�§| cd + be + (a + 4c)f = 0
bd + (a + 4c)e + (4b − 2c)f = 0
ad − 2ce − 2bf = D

�¦� 
d = a2 − 4b2 + 8ac + 2bc + 16c2

e = −ab − 2c2

f = b2 − ac − 4c2
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Ù¥

D =

∣∣∣∣∣∣∣ c b a + 4c
b a + 4c 4b − 2c
a −2c −2b

∣∣∣∣∣∣∣ = a3 − 4ab2 − 2b3 + 8a2c + 6abc + 16ac2 + 8bc2 + 4c3

~X, 3Q(u)¥, k

(2 + 3u − 5u2)(258 − 56u − 81u2) = 442,

(−3 + 2u − 7u2)(917 − 92u − 213u2) = −3187.
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4. A^

��knz�{�A^, ·�y²e�~f.

~11 �u ∈ C3Zþ�4�õ�ª�x2 − x + 2, v3Zþ�4�õ�ª

�x2 − x + 3, -Z[u, v] = {a + bu + cv + duv|a, b, c, d ∈ Z}, KZ[u, v]´����. y

²Z[u, v]�©ª�´Q(u, v).

yyy²²²: �Z[u, v]�©ª��

S =
{

e + fu + gv + huv
a + bu + cv + duv

∣∣∣∣∣ a, b, c, d, e, f , g, h ∈ Z, a + bu + cv + duv , 0
}
.

�y²S = Q(u, v), ��y²©ª

e + fu + gv + huv
a + bu + cv + duv

�©1�knz, =�éÑ����e + fu + gv + huv ∈ Z[u, v]¦�

(a + bu + cv + duv)(e + fu + gv + huv) ∈ Z.
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∣∣∣∣∣ a, b, c, d, e, f , g, h ∈ Z, a + bu + cv + duv , 0
}
.

�y²S = Q(u, v),

��y²©ª

e + fu + gv + huv
a + bu + cv + duv

�©1�knz, =�éÑ����e + fu + gv + huv ∈ Z[u, v]¦�

(a + bu + cv + duv)(e + fu + gv + huv) ∈ Z.
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O�(a + bu + cv + duv)(e + fu + gv + huv)�eª:

(a + bu + cv + duv)(e + fu + gv + huv)
= deuv + cfuv + dfuv + bguv + dguv + ahuv + bhuv + chuv + dhuv
+beu + afu + bfu − 3dgu − 3chu − 3dhu + cev − 2dfv + agv
+cgv − 2bhv − 2dhv + ae − 2bf − 3cg + 6dh

= (de + cf + df + bg + dg + ah + bh + ch + dh)uv
+(be + af + bf − 3dg − 3ch − 3dh)u
+(ce − 2df + ag + cg − 2bh − 2dh)v
+(ae − 2bf − 3cg + 6dh)
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�¦(a + bu + cv + duv)(e + fu + gv + huv) ∈ Z,

7L-
de + (c + d)f + (b + d)g + (a + b + c + d)h = 0
be + (a + b)f − 3dg − (3c + 3d)h = 0
ce − 2df + (a + c)g − (2b + 2d)h = 0
ae − 2bf − 3cg + 6dh = l

(14)

Ù¥

l =

∣∣∣∣∣∣∣∣∣
d c + d b + d a + b + c + d
b a + b −3d −3c − 3d
c −2d a + c −2b − 2d
a −2b −3c 6d

∣∣∣∣∣∣∣∣∣
= a4 + 2a3b + 5a2b2 + 4ab3 + 4b4 + 2a3c + 3a2bc + 5ab2c + 2b3c + 7a2c2

+7abc2 − 7b2c2 + 6ac3 + 3bc3 + 9c4 + a3d + 5a2bd + 6ab2d + 8b3d + 7a2cd
+49abcd + 14b2cd + 9ac2d + 15bc2d + 18c3d − 7a2d2 + 14abd2 + 28b2d2

+15acd2 + 18bcd2 + 45c2d2 + 6ad3 + 24bd3 + 36cd3 + 36d4
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)'uCþe, f , g, h��5�§|(14)�:

e = a3 + 2a2b + 3ab2 + 2b3 + 2a2c + 3abc + b2c + 4ac2 + bc2 + 3c3 + a2d
+5abd + 4b2d + 7acd + 13bcd + 6c2d − ad2 + 8bd2 + 9cd2 + 6d3

f = −a2b − ab2 − 2b3 − 2abc − b2c + 2bc2 − abd − 4b2d − 6acd − bcd
−3c2d − 3ad2 − 8bd2 − 3cd2 − 6d3

g = −a2c − 2abc + b2c − ac2 − bc2 − 3c3 − 4abd − 2b2d − acd − bcd
−6c2d − 2ad2 − 2bd2 − 9cd2 − 6d3

h = 2abc + b2c + bc2 − a2d + 2b2d + bcd + 3c2d + 2bd2 + 3cd2 + 6d3

~X, 3Z[u, v]¥, k

(2 − u + 3v + 2uv)(383 − 205u − 353v + 102uv) = 4757,

(1 − u − 2v + 5uv)(243 − 508u − 390v + 623uv) = 15577.
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